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We have combined the complex momentum representation method with the Green’s function
method in the relativistic mean-field framework to establish the RMF-CMR-GF approach. This
new approach is applied to study the halo structure of 74Ca. All the continuum level density of
concerned resonant states are calculated accurately without introducing any unphysical parameters,
and they are independent of the choice of integral contour. The important single-particle wave
functions and densities for the halo phenomenon in 74Ca are discussed in detail.
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I. INTRODUCTION
The exotic nuclei near the drip-lines are generally
loosely bound or unbound, and nowadays the study of
exotic nuclei has achieved more and more attention with
the development of radioactive nuclear beam experiments
[1]. The Fermi surfaces of these nuclear systems are
usually close to the single-particle resonances. As a
result, the resonances play crucial roles in forming various
exotic nuclear phenomena [2–9]. Therefore, the proper
treatment of resonances is crucial for understanding the
phenomena in exotic nuclei, such as halo, giant halo,
deformed halo, and so on.
Many methods have been proposed to study the
resonances. On the one hand, based on the conventional
scattering theory, the R-matrix [10, 11], K-matrix [12],
and S-matrix [13] theories have been developed. On the
other hand, many bound-state-like methods have been
developed as well, in which the resonant states can be
treated similarly to the bound states. For example, the
resonance parameters in the real stabilization method
(RSM) can be calculated from the change in the stable
eigenvalue with the increase of basis size [14]. The
analytic continuation in the coupling constant (ACCC)
method regards a resonance as an analytic continuation
of a bound state [15]. The complex energy eigenvalues
can be discretized for the bound, resonant, and non-
resonant continuum states by diagonalizing the complex-
scaled Hamiltonian matrix in the complex scaling method
(CSM) [16–19]. In addition, the resonances can be also
probed in the complex momentum space [20–22].
Due to the success of the relativistic mean-field (RMF)
theory in describing the exotic properties in nuclei [23–
31] and its application in nuclear astrophysics [32–36],
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the methods mentioned above have been combined with
the RMF theory, including the RMF-RSM approach [37],
the RMF-ACCC approach [38, 39], and the RMF-CSM
approach [40].
Meanwhile, the study of continuum level density
(CLD) also catches a wide attention, which is another
way to probe the resonances. The CLD has been
calculated in the nonrelativistic framework [41]. Using
the complex scaled Green’s function method, the study of
CLD has been extended to the relativistic framework in
the spherical and deformed nuclei [42, 43]. Although such
methods can describe the resonant states in an intuitive
way, their results are not completely independent on the
rotation angle in the actual calculations with a finite
basis.
Recently, Guo et al. applied the complex momentum
representation (CMR) method to the RMF theory and
developed the RMF-CMR approach. This approach has
already been applied to not only the spherical case [44]
but also the deformed case [45]. By using the RMF-
CMR approach, both the bound states and resonant
states can be treated at the same time, and the self-
consistent results can be obtained. It is worthwhile to
mention that not only this method can be reliably applied
to narrow resonances, but also it is very effective for
the broad resonances, which cannot be well described by
many other bound-state-like methods.
Therefore, it is meaningful to combine the complex
momentum representation method and the Green’s
function method in the relativistic mean-field framework
to establish the so-called RMF-CMR-GF method, which
can obtain the CLD accurately and efficiently yet without
introducing any unphysical parameters.
Since there are rich experimental data as well as
unsolved mysteries on various properties of Calcium
(Ca) isotopes, the studies on the Ca isotopes have
attracted a wide attention in recent years. The halos
in the Ca isotopes near the drip-line have been studied
by the relativistic continuum Hartree-Bogoliubov theory
2[46]. In addition, based on the relativistic Hartree-
Fock-Bogoliubov theory [47], the halo structures in
the Ca isotopes were further studied in detail, and
distinct evidence of halo occurrence was found, in which
the single-particle states around the particle continuum
threshold play important roles in forming the halos. In
these halo nuclei, the single-particle resonant states are
generally near the continuum threshold, which has been
studied systematically in the Ca isotopes by the RMF-
RSM approach [48].
In this work, we will employ the RMF-CMR-GF
method to investigate the resonances via the continuum
level density. The RMF-CMR-GF method will be
developed and the basic formula will be given in
Section II. By taking the halo nucleus 74Ca as an
example, the results and discussion will be given in
Section III. A summary will be exhibited in Section IV.
II. FORMALISM
In the momentum representation, the Dirac equation
can be expressed as [44]∫
d~k′〈~k|H |~k′〉ψ(~k′) = εψ(~k), (1)
where |~k〉 is the wave function of a free particle with
momentum ~p or wave vector ~k = ~p/~, H = ~α · ~p +
β (M + S) + V is the Dirac Hamiltonian, and ψ(~k) is
the momentum wave function.
For a spherical system, ψ(~k) can be split into the radial
and angular parts as
ψ(~k) =
(
f(k)φljmj (Ωk)
g(k)φl˜jmj (Ωk)
)
, (2)
where φljmj (Ωk) is a two-component spinor. The
quantum number of the orbital angular momentum
corresponding to the upper (lower) component of Dirac
spinor is denoted as l (l˜). The relationship between these
two quantum numbers and the total angular momentum
quantum number j reads l˜ = 2j − l.
Putting Eq. (2) into Eq. (1) and turning an integral
into a sum over a finite set of points kj and dk with a set
of weights wj [44], we get a symmetric matrix equation,
N∑
j=1
(
A+ij Bij
Bij A
−
ij
)(
f(kj)
g(kj)
)
= ε
(
f(ki)
g(ki)
)
, (3)
with
V + (k, k′) =
2
π
∫
r2dr [V (r) + S (r)] jl (k
′r) jl (kr) ,
(4a)
V − (k, k′) =
2
π
∫
r2dr [V (r)− S (r)] jl˜ (k′r) jl˜ (kr) .
(4b)
Here, A±ij = ±Mδij +
√
wiwjkikjV
± (ki, kj) and Bij =
−kiδij . The spherical Bessel functions of orders l are l˜ are
denoted as jl(kr) and jl˜(kr), respectively. In addition,
f(k) and g(k) are the symmetric forms of the radial parts
of Dirac spinor. Now, the problem of solving the Dirac
equation becomes a problem of solving the symmetric
matrix. In actual calculations, after we choose a proper
contour for the momentum integration, the bound states
populate on the imaginary axis in the momentum plane,
while the resonances locate at the fourth quadrant. The
upper and lower components of wave functions in the
coordinate space can be obtained with
f(r) = il
√
2
π
N∑
j=1
√
wjkjjl(kjr)f(kj), (5a)
g(r) = il
√
2
π
N∑
j=1
√
wjkjjl(kjr)g(kj). (5b)
Similar to Ref. [19], the level density in the complex
momentum Green’s function can be expressed as
ρ(ε) = − 1
π
Im
∫
dr
[
Nb∑
b
ψb(r)ψ˜
∗
b(r)
ε− εb
+
Nr∑
r
ψr(r)ψ˜
∗
r(r)
ε− εr
+
∫
dεc
ψc(r)ψ˜
∗
c (r)
ε− εc
]
, (6)
where ψb(r), ψr(r), and ψc(r) are the wave functions
for the bound states, resonant states, and the non-
resonance continuum in coordinate space, and ψ˜∗(r)
is the Hermite conjugate of the corresponding wave
function. Meanwhile, εb, εr, and εc are the energy
eigenvalues for the bound states, resonant states, and
the non-resonance continuum, respectively. Similar to
Refs. [19, 41–43], we can further get the CLD, denoted
as ∆ρ(ε), by the difference between the density of states
ρ(ε) and the density of continuum states ρ0(ε). Here,
ρ0(ε) is obtained from the asymptotic Hamiltonian H0
in the form of H with r →∞.
III. RESULTS AND DISCUSSION
In Fig. 1, we show the single-particle resonant state
1g7/2 in
74Ca calculated by the RMF-CMR-GF approach
with the interaction NL3 in four different contours. As
shown in the figure, the contour1 is characterized by four
points in the complex momentum plane, k1 = 0 fm
−1,
k2 = 0.75 − i0.18 fm−1, k3 = 1.5 fm−1, and kmax =
3.5 fm−1. Three points out of four in the other contours
are the same as those in the contour1, but k2 = 0.75 −
i0.28 fm−1, 0.30− i0.28 fm−1, and 1.20− i0.28 fm−1 for
the contour2, contour3, and contour4, respectively. In
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FIG. 1: (Color online) Single-particle resonances for the g7/2
orbitals in 74Ca calculated by the RMF-CMR-GF approach
with the interaction NL3 in four different contours for
the momentum integration. The red solid squares, black
circles, blue solid line represent the resonant state 1g7/2, the
continuum, and the contour of integration in the complex
momentum plane, respectively.
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FIG. 2: (Color online) Density of states ρ(ε), density of
continuum states ρ0(ε), and CLD ∆ρ(ε) for the g7/2 orbitals
in 74Ca by the RMF-CMR-GF calculations with four different
contours. These level densities are denoted with the black
dashed, red dash-dotted, and blue solid lines, respectively.
each panel, it can be seen that the resonant state has
been exposed clearly in the complex momentum plane.
No matter the contour becomes deeper from contour1 to
contour2, or the contour moves from left to right from
contour3 to contour4, the physical resonant state 1g7/2
always keeps a fixed position, while the corresponding
continuous spectra follow the varied contours.
In Fig. 2, the density of states ρ(ε), the density of
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FIG. 3: (Color online) The CLD ∆ρ(ε) for all the resonant
states in 74Ca obtained by the RMF-CMR-GF calculations,
where the contour2 is adopted.
continuum states ρ0(ε), and the CLD ∆ρ(ε) for the g7/2
orbitals in 74Ca are shown, with the four contours that
are the same as those in Fig. 1. The density of states ρ(ε)
corresponds to the level density of the total Hamiltonian
H. It includes the resonant states and non-resonance
continuum, and shows a very sharp peak. In contrast,
the density of continuum states ρ0(ε) is obtained from
the asymptotic Hamiltonian H0, and it shows no peak
because there is no centrifugal barrier in the potential
of the asymptotic Hamiltonian. For that, ρ0(ε) is often
called the density of background energy. Finally, the
CLD ∆ρ(ε) can be obtained by subtracting ρ0(ε) from
ρ(ε). Its sharp peak corresponding to the resonance can
be shown clearly.
As the momentum integration can be carried out with
different contours in the RMF-CMR-GF calculations, it
is necessary to check whether the CLD varies with the
contours. Comparing with different panels in Fig. 2,
it is seen that although ρ(ε) and ρ0(ε) change with
different contours, the CLD ∆ρ(ε) always keeps its
position, height and width. This demonstrates that the
resonance parameters can be determined independently
on the contour in the complex momentum plane, and the
present RMF-CMR-GF approach is efficient in describing
the resonances of a Dirac particle.
Since the continuum level density is independent on the
integral contour, all the concerned resonant states in 74Ca
can be obtained as long as the range of contour is large
enough. The corresponding results are shown in Fig. 3. It
is noted that the density of the non-resonance continuum
has been subtracted. As a result, the resonance peaks can
be exhibited explicitly and the resonances with different
angular momentum have different positions and widths.
The position of resonance peak corresponds to the energy
of the resonant state, and the width of the resonance peak
at half height corresponds the width of the resonant state.
The lifetime of the resonance is inversely proportional
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FIG. 4: (Color online) Density of resonant state 1g7/2
in coordinate space with four different contours for the
momentum integration in the RMF-CMR-GF calculations,
where the black solid, red dashed, blue dash-dotted,
and magenta dash-dot-dotted lines represent the contour1,
contour2, contour3, and contour4, respectively.
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FIG. 5: Single-particle spectra in 74Ca in the RMF-CMR-GF
calculations with the interaction NL3. Heights of the gray
rectangles represent the widths of corresponding resonances.
to its width, which indicates, for example, the resonant
state 1i13/2 with a broad peak has a short lifetime, in
comparison, the narrow resonances 2d3/2 and 1g7/2 have
longer lifetimes.
Apart from the CLD, we can also obtain the density
of different orbitals in 74Ca in the coordinate space. The
densities of the resonant state 1g7/2 with four different
contours are drawn in Fig. 4. We can see that the density
of the resonant state is also independent on the choice of
the integral contour.
After we examine the applicability and efficiency of
the RMF-CMR-GF method in describing the resonant
states, all the concerned bound states and resonant
states in 74Ca are obtained. Figure 5 shows the bound
and resonant states with the energies between −10 and
0 5 10 15 20 25 30
1E-8
1E-7
1E-6
1E-5
1E-4
1E-3
0.01
0.1
1g9/2
2d5/2
2d3/2
 
 
nl
j  [
fm
-3
]
r [fm]
74Ca
3s1/2
FIG. 6: (Color online) Density in logarithm scale for the
orbitals 2d3/2, 3s1/2, 2d5/2, and 1g9/2. They are labeled as
the black solid, red dashed, blue dash-dotted, and magenta
dash-dot-dotted lines, respectively.
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FIG. 7: (Color online) Wave functions of the resonant state
2d3/2. The black (red) solid and dashed lines represent the
real and imaginary parts of the upper (lower) component f(r)
(g(r)).
20 MeV, where the contour2 is adopted. In 74Ca the
Fermi surface locates at the last bound state 2d5/2. The
resonant state 2d3/2 located near the particle continuum
threshold will be populated with pairing correlation,
which forms the halo phenomenon [46].
In order to further analyze the mechanism for forming
the halo structure of 74Ca, we show the densities of
different orbitals in Fig. 6. With the increasing radius
r, the densities of the bound states 3s1/2, 2d5/2, and
1g9/2 exponentially decay to zero, while the density of
the resonant state 2d3/2 has a long tail. This resonant
state is crucial for forming the halo structure in 74Ca.
To further explain the reason why the density of the
resonant state 2d3/2 decreases gently in the region with
a large radius, we show its wave functions in Fig. 7,
5with both the real and imaginary parts of the upper
and lower components of Dirac spinor. It is seen that
the contribution to the density mainly comes from the
upper component of the wave function. The real part
of the upper component f(r) has a tail at a large
radius, while the real part of the lower component g(r)
decreases quickly to 0. Meanwhile, it is worth pointing
out that the imaginary part of the upper component f(r)
increases with the increasing radius, which is another key
contribution to the density.
IV. SUMMARY
We have established the RMF-CMR-GF approach, and
the theoretical formalism has been presented in this
paper. We have obtained the bound and resonant states
on the same footing in the momentum space. All the
concerned resonant states of 74Ca are obtained, including
not only the narrow resonances but also the broad
resonances. By subtracting the density of continuum
states ρ0(ε) from the density of states ρ(ε), the CLD
∆ρ(ε) is obtained, which is independent on the choice
of the integral contour. The resonant peaks can be
exposed clearly, and the resonance energies and widths
can be determined in an accurate way. The densities
of different orbitals are shown to distinguish the halo
orbitals, and the wave functions of the resonant state
2d3/2 are exhibited to further explain the halo structure
of 74Ca. The present results show the applicability and
efficiency of the RMF-CMR-GF method for the study of
resonant states in nuclei, in particular, the halo structure
in exotic nuclei.
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